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Abstract—The elastic field of composite materials with inclusions is presented in terms of the
integrals of Green’s functions. After averaging the strain and stress fields and performing some
manipulations and approximations, we obtain the corresponding effective elastic moduli which are
related to the integrals of the two-point correlation function. From the expressions obtained, it can
be found that the effective elastic moduli of composite materials with inclusions depend on the
moduli of two components, the volume fraction of inclusions, as well as the shape, size and
distribution of inclusions, and interactions between them. In contrast to previous works, e.g., the
self-consistent method, the differential scheme, the Mori-Tanaka method and the generalized self-
consistent method, the present method can analyze the effect of the distribution of inclusions on the
overall elastic moduli of composite materials, providing that composite materials have periodic
microstructures. Finally, some analyses for the effect of the shape, size and distribution of inclusions
on the effective elastic moduli of composite materials are given and comparisons with existing
methods and experimental results are also considered and discussed. € 1997 Elsevier Science Ltd.

1. INTRODUCTION

The determination of effective elastic moduli of composite materials with inclusions has been
extensively investigated. In dealing with how the material properties of each component and
microgeometry influence the overall response of composite materials, a large number of
approximate approaches have been proposed since this is an open problem and its analytical
solution 1s impossible. An extensive review on this subject is given by Christensen (1979,
1990), Hashin (1983) and Nemat-Nasser and Hori (1993).

A well-known approximation for the effective properties of composite materials with
inclusions is the so-called Self-Consistent Method (SCM). It was first devised by Bruggeman
(1935) and has been applied for spheroidal particies by Budiansky (1965) and Hill (1965).
Using this model, Wu (1966) has investigated the effect of inclusion shape on the effective
properties of a two-phase material ; Laws and McLaughlin (1979) and Chou et a/. (1980)
have analyzed the effect of fiber length on the overall moduli of unidirectional short-fiber
composites. As pointed out by Nemat-Nasser and Hori (1993), the SCM seeks to predict
the interaction of an inclusion and its neighbouring microstructure (the combined effect of
the matrix and other inclusions), while the Generalized Self-Consistent Method (GSCM)
includes (in a certain approximate sense) the interaction between the inclusion and the
surrounding matrix, as well as the neighbouring microstructure. Some improved versions
for the GSCM have been established by Smith (1974), Christensen and Lo (1979) and
Siboni and Benveniste (1991).

Another method that is related to the SCM is the Differential Scheme (DS). It appears
that this method also was first conceived by Bruggeman (1935), but it was more effectively
developed and used by Roscoe (1952). Later, this scheme was applied for the effective
elastic moduli of composite materials with spherical inclusions by Boucher (1975),
McLaughlin (1977), Norris (1985) and Zimmerman (1991).

The Mori-Tanaka Method (MTM) is an average field scheme that has been established
by Mori and Tanaka (1973) and has been used by a number of researchers to predict the
effective properties. Using the ““strain or stress concentration factor” concept, Benveniste
(1987) has given a much more direct and simplified derivation of this method, which is
different from the Equivalent Inclusion Method (EIM) (Eshelby, 1957). Mori and Wak-
ashima (1990) have reformulated the EIM and referred to it as a successive iteration

3021



3022 Linzhi Wu et al.

method. Zhao and Weng (1990) have investigated the effective elastic moduli of ribbon-
reinforced composites using the Eshelby-Mori-Tanaka theory. Recently, Christensen et al.
(1992) have shown the range of validity of the Mori-Tanaka method.

In addition to the approximate methods mentioned above, there are some other
techniques for the determination of effective elastic moduli for composite materials with
periodic microstructures. The equivalent inclusion method has been used for the estimation
of the overall properties of composites with periodic microstructures by Nemat-Nasser e?
al. (1982), Nemat-Nasser and Taya (1985), Rodin and Hwang (1991) and Rodin (1993).
Using the asymptotic homogenization technique, Meguid and Kalamkarov (1994) have
analyzed the overall response of composite materials with a regular structure. Utilizing the
technique of integral equation, Wu (1992) and Du and Wu (1993) have investigated the
effective elastic moduli of composite materials in which the distributions of spherical and
cylindrical inclusions are periodic.

The second section of this paper gives the strain and stress fields in terms of the
integrals of Green’s functions. After averaging the strain and stress fields and performing
some manipulations and approximations, we obtain the effective elastic moduli of composite
materials with inclusions, which depend on the integral of the strain Green’s function in an
infinite elastic space and the corresponding integrals of the two-point correlation function.
In the expressions related to the two-point correlation function, the microstructural charac-
teristics of composite materials e.g., the shape, size and distribution of inclusions and
interactions between them, are considered. The third section presents the corresponding
results for the integrals of the two-point correlation function for ellipsoidal and cylindrical
inclusions, respectively. In Section 4, the effective elastic moduli of composite materials
with spheroidal, ellipsotdal and cylindrical inclusions are numerically calculated. The effects
of microstructural parameters, including the shape, size and distribution of inclusions, on
the effective elastic module are discussed and analyzed. Comparisons with existing theories
and experimental results are also taken into account. Finally, some conclusions from the
present study are summarized in Section 5.

2. THE EFFECTIVE ELASTIC MODULI

Consider an elastic medium of total volume V, containing # inclusions. Following
Kunin (1983), the strain and stress fields of inhomogeneous medium with inclusions can be
expressed in the following form

n

60 = gy(x)— Y. J Ko (X —X)C 1,6, (x') P, (X )dx’ (1)

x=1

L

a(x) = go(x)— Y, J Sy (x—x")B,,0,(X) V,(x)dx’ (2)

a=1

where ¢,(x) and 6,(x) are the strain and stress fields of homogeneous medium without
inclusions under the action of the external force, respectively ; ¢,(x) and a,(x) are the strain
and stress fields within the ath-inclusion, respectively ; C,, and B,, denote the differences of
the elastic moduli and compliance between the ath-inclusion and matrix, respectively;
Ky(x—x") and Sy(x—x’") represent Green’s operators for strain and stress fields, respec-
tively; V.(x) is the characteristic function of the xth-inclusion. For convenience, let us
suppose that there is some external force field under which the stress and strain fields in the
homogeneous medium C, are constants. Thus, both &(x) and g,(x) in (1) and (2) are
constants and &(x) and o(x) are the strain and stress fields of the inhomogeneous elastic
medium under the action of the external force assumed above.

For a statistically homogeneous material (Hashin, 1983), the effective elastic moduli
are established in terms of the macroscopic stress {g(x)> and strain {e(x)}. These quantities
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are defined as the volume averages over the total volume V

1
(o(x)) = ;J o(x)dx 3)
— 1 d 4
Ce(x) = ?/L*’(x) X ©

The effective elastic moduli of C* of composite materials are defined by the relation
(o(x)) = C*e(x))- )

To solve the overall response of composite materials with inclusions, we assume that
the strain field inside each inclusion is uniform, but these fields are different for different
inclusions. Averaging eqn (1) and (2) yields

0> =0 1,3 [ f dx f Ko(x—x) Va(x')dx']cmsa ©)

a=1

n

@) = 0,3 U dx j So(x—x) ﬁ(x/)dx']Bl,czsa ™

where C, and ¢, are the elastic moduli and strain field of the ath-inclusion, respectively.
Let

Ay = J Kq(x—x")dx. &

As pointed out by Mura (1987), when the solution is applied to inclusion problems, it can
be assumed with sufficient accuracy that the materials are infinitely extended since the size
of inclusions is relatively small compared to the size of the macroscopic material samples.
Since the volume V can be approximated by an infinite body, the integral in eqn (8) depends
on the shape of V (see Willis, 1976 ; Mura, 1987). For the volumes of spherical (or cubical)
and cylindrical shapes, Appendices A and B present the corresponding expressions of A,
respectively. Substitution of (8) into (6) yields

X)) = t0— 3 ViAoCraty = t0— 3. AeCrud Va(X)en(X)) ©)

where V_ is the volume fraction of the ath-inclusion. According to the definition of Sy(x — x”),
eqn (7) can similarly be written as

() = 69— 3 DoBLLCLVa(x)e(x)) (1)

Where Do = CO—C()A()C().
Evidently, when the relation between &, and <V (x)e,(x)) is established, the effective
elastic moduli can be determined in terms of eqns (5), (9) and (10). For this purpose,
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multiplying both sides of (1) by V,(x) and taking the spatial average, we obtain

n

(P, (X)e,(x)> = V,eo— Il/ Y [J v, (x)dxf K,(x—x) Vﬂ(x’)dx’}C]ﬂaﬁ. (11

fi=1

Since Ky(x) is an even function (see Mura, 1987) and V can be considered as an infinite
body, eqn (11) can be rewritten as

V.,eo — 1 i [J V. (x+x) de Ko (x) Vy(x") dx’]C 14Cs

p=1

il

(Vo(x)ea(x))

It
=
&
1
g

|:J Ko (x)(V, (%) +(X) Vﬂ(x/)>x’ dx:| Cips (12)

where (V,(x+X')V4(x')), denotes the volume average of V,(x+X’) V4(x") with respect to
x” and is called the two-point correlation function. Note that we change the order of
integrations in the calculation of (12) and the transformation of variable is used.

For simplicity, set

1 _ )
Fu=7 J Ko@) <P+ x) P (x)) dx (13)

where F,; is a fourth-order tensor which characterizes the microstructure of composite
materials. It depends on the shape, size and distribution of inclusions. In the next section,
we will calculate the integrals F,; of the two-point correlation function for the aligned
ellipsoidal and cylindrical inclusions, respectively.

Substituting (13) into (12) yields

P00 = Vo~ T FofCipFpx)ep (). (14)

Lettinga = 1,2,...,n, eqn (14) becomes a system of 6n algebraic equations for {7,(x)e,(x) >.
Thus, from this closed system, we can obtain a formal relation between (¥, (x)&,(x))> and
&g, which takes the following form

<Vm(x)81(x)> = Ea(ClBa VﬁaFB',-)SO (ﬁ,? = 1’2""’”) (15)
where E(C;, V;, Fp) is a fourth-order tensor.

Substituting (15) into (9) and (10), we can obtain the effective elastic moduli of
composite materials which inclusions

n n -‘]
C* = Co + Z ClaEm(Clﬁ, VﬁaFﬁy) [I—Ao Z Cleu(Clﬁa VﬂsFB*,')] (16)
a=1 x=1
with the fourth-order unit tensor I defined as
1 «
s 5(5ik0j1+6i15jk) a7

where ,, is the Kronecker delta.

Equation (16) is the most general expression for the effective elastic moduli of com-
posite materials with inclusions. If the details of the microstructure of composite materials
are known, we can determine the corresponding effective elastic moduli. Below, we consider
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a specific case. When all the inclusions have the same shape and size and their distribution
is periodic, eqn (14) can be simplified by summation for « as

% Pae0> = Vo= 3. ( zu)c (Pp(x)2(9 (%)

B=

where V;is the volume fraction of inclusions and C, = C,, («x = 1,2, ... ,n). Since the volume
V can be considered as the infinite elastic body and the size of inclusions is relatively small
compared to the macroscopic size, the number of inclusions in the interior is much more
than that in the exterior for the statistically homogeneous composite materials. Thus,

2, Fo

according to eqn (13) can be regarded as a constant with the sufficient accuracy so long as
the coordinate x; is situated in the interior of composite materials. In the present paper,
the coordinate x; is chosen as the origin of the coordinate system, which virtually is also
the geometric center. Substitution of (18) into (9) and (10) yields

n ~1
C* = C() + I//CI |:l+ Z FdﬁC| - VfA()Cl} . (19)
a=1

In the fourth section, we will calculate the effective elastic moduli of composite
materials with ellipsoidal and cylindrical inclusions according to this expression, respec-

tively. Some detailed “import™ and “export” information will be shown and discussed
there.

3. THE DETERMINATION OF F,

In this section, we confine our attention to aligned ellipsoidal and cylindrical inclusions,
respectively, and assume that all the inclusions have the same shape and size. To determine
the integrals F,; of the two-point correlation function, we first give the concrete expression
of Green'’s function Ky(x) for strain. Following Kunin (1983) and Mura (1987), Kq(x) can
be expressed as

1
Ko(X)];u = Ag+3 030y —
[Ko( )],kl 87!110(/10+2#o)|x|3|:( 0 ,Ua)( %01

3(3,-kxjx,>
|x/*

1285, x 30 ,x; 15x,x,x,x
= (AO +“0) <26[(k5i)j—' (l(k':'-7 N jIXZXk + X 14 k [)jl (20)
x| x| x| o)

where 4, and p, are the Lame constants, |x| = (x} +x} +x3)"? and
00y = (00040 ,)/2 (21
BuuXn Xy = OuXiX;+ 0aX Xy 4 05X, + 6%, X,) /4. (22)

Next, we solve the two-point correlation function {¥,(x+x")V4(x")>, and F,; for
aligned ellipsoidal and cylindrical inciusions, respectively.
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Fig. 1. The relation of {¥s(x+x")V4(x') >, and x for the ellipsoidal inclusion.

3.1. The ellipsoidal inclusions
As shown in Fig. 1, the ellipsoidal inclusion is described by

X3 X

a b

<1

X
f) = 4
a

(23)

where a and b are the principal half axes of the ellipsoid and ¢ = b/a is called the inclusion

aspect ratio.
For the case « = § as shown in Fig. 1, we have

(VX +XVV5(X)Dp = ViJp(x)

where Jy(x) is given by

1— —Vf(x))z (1 + —”Zx)> fx) <4

Jp(x) = < 2
0 fx) =4

(24)

(25)

Since J4(x) possesses the ellipsoidal symmetry, the non-zero components of Fgs accord-

ing to Wu and McCullough (1977) and eqn (13) can be written as

h (1) 3(Ao +#0) A

(Fgp)rinn = (Fgp)azza = 240 - 8#0(20_'_2“0)”3(’)

s ==

Eihias = Faas = = gt )

(Fgp)iiss = (Fgg)asin = (Fpp)aass = (Fgg)sana = — %}
s = Eoas = g, (57 +0:0 )= g 2T

(FBB)IZIZ = [(FBB)HH _(Fﬂﬁ)ll22]/2

(26)
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where h,(f)’s are given by

(1)

t2 1— 12 12 [2 1/2 1—¢ 1/2

hi (1) = + tan ™! -1

0 1—t2{[< r ) (l—ﬂ) ] ( £ ) }

l t2 1/2 1_ 1/2

{1—( tan~' !

1—1¢° 1—# 2
tz 2 1 1 l_tz 32 1_12 1/2 3 [2 1/2 1-[2 12

h t) = 1 — — — _ - -1

0 (1—12>{ +2t2+[2( £ ) ( £ > 2(1—t2) }an ( £ > }
r 3 1/1—=p2\172 3/ 2 \I2 1—2\172

h = - = — e ~1

(1) { 2+[2< = ) +2<1_[2) ]tan ( g ) }

hy (1) =

(1—1%)?
1 23/ £ \\»2 _1 1 —2\72
hs(l) —m{1+5—§(1-[2> tan ( 7 ) } (27)
for0<r<1;
(2)

(1) =2/3, h,(1) =1/3, hy(1) =8/15 hy(1) =2/15, hs(l) =1/5 (28)

fort=1;

(3)
2 1 2 o\12 2_\i2 2y
wo=zi-3l 7)) () e
-1 21\~ -1 1% 1—(F =112
1 1/ 2 \'72 421"
hy (1) = 4[] WMl
2() [2—1{ 2(1‘2—_1) l—(lz—l)l/z}

t2 2 1 1 t2 _ 1 3/2 1 t2 . 1 1/2 3 t2 /2 ! 12 _ 1 1/2
P 1 N A g WA
2 —1 202 |4\ £ 2\ P 4\rr—1 =P =117

h (Z) B t2 §+ § [2 172 1 12_1 1/2 1 t+(t2_l)1,f2
e 2 [4\et 4\ 7 nt—(tz—l)”2
% #3002\ i+ @-D7?
hs(t) = 1+ ——-= In—~ 7 20
5() (tz—_1)2{ 2 4(%_1) nz_(tz_l)l/z} ( )
fort>1.

For a # B, the two-point correlation function {V,(x+x")V4(x")), can similarly be
expressed as

xﬁu—«»f<L+«ﬂx—n>

Tax+x)Vp(x))x = V"(“ 2 4 ) flx—x,) <4

0 fix—x,) >4

(30)

where x, is the vector connecting the origin (x; = 0) of the coordinate system and the center
of the ath-inclusion. Letting y = A(x—Xx,) where A is a second-order tensor and its non-
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X3

X1

Fig. 2. The relation of {¥p(x+x")V3(x)), and x for the cylindrical inclusion.

zero components are as follows
Ay =4y =1/a, Ay =1/b (31)

and according to (13), we have

3 iy vV, N,
Fy=| Ko +A'W(1-2) (1475 )Ady. 32)
lyl=<2

Introducing the polar coordinates
yi =rsinfcos¢, y,=rsinfsing, y; =rcosd (33)
and substituting (33) into (32) yields
2n i 2 r 2 r
F= azbj d¢7J sin (9d6J~ Ko(xa—i-A‘ly)(l — 5) (1 + Z>r2 dr. (34)
0 0 0
It should be noted that the vector x,+A™'y is composed of three components (x,,+ar
sin 8cos ¢, x,,+arsin@sin @, x,;+ brcosd). Integrating with respect to variable r, we can
obtain the corresponding analytical expressions but we will not give their concrete

expressions due to lengthiness and complexity.

3.2. The cylindrical inclusions
For the case & = f§ as shown in Fig. 2, we have

{Vp(x+ XY p(x) Dy = VyJp(X) (35)

where J(x) is given by

2 1 r r r 2 E
o[ Q) s,

0 |z| = 2band(or) r = 2a.

Here, (r, 6, z) are the cylindrical coordinates of the vector x, which are relative to the
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rectangular Cartesian coordinate system ox;x,x; and a and 2b are the radius and height of

the cylindrical inclusion, respectively. It should be shown that there are relations between
two coordinate systems

x; =rcosf, x,=rsinf, x; =z (37

Substitution of (35) and (36) into (13) and integrations with respect to variables 6 and z
lead to the following non-zero components

l 2a ) )
(Fap)rin = (Fgplazaz = m‘[ [2(#0—/10)171 +6(240 + po)r* H,
0 \/0 0’ Jo
2 e o) H (N (2
—4(/10 o)r* Hy || cos 7 N A E rdr
1 2a ;
(Flfﬁ)3333 = m[ li(.uo_/vo)H| + 6240+ o) Hs — 15(4¢ +N0)H5:|
0)Jo
2
S A LA P
X l:cos <2a> 2 1 <2a> ]rdr
Ao+ 2a 15
(Fgpii22 = (Fgg)aan =%*&0+—02H0)L [—2H1 +6r2H2——4—r4H3}
L r r\
AN W £ T i
x[cos (2) 3 <2a> ]rdr
(Fgp) = (Fgs) = (Fy) = (Fg) =_—‘)“°+”° . —2H,+3r’H
BB 1133 88)3311 812233 g)3322 dmpto (o + 200) Iy 1 2
+6H, —15°H, || cos™' [— L ho (L ’ rdr
4 é 2a] 2a 2a
(Feg)i212 = [(Fpg)irn _(F/iﬁ)llzzl/z
1 2a )
Faphiss = (Faplaazs = mﬁ) [4uoH, +3/5r* H, + 64, H,
—30(Ag + o) Hy]| cos ' [ )= = 1L rar (38)
0 0 6 2a 2a 2a
where
r2+4p? 1 r2 4+ 8b2 1

= H, = :
LT bR a2 b T 3br 0 4407 36

3 3r* 4+ 48r25% + 1280 1 2r2 4 4b° 2

3 = -

1Sbré(r +46%)"7  Sbr® ' 3bri(r44b7)'2 3br
8r* +48r2b* +48b* 8 _2r' 412757 4 326° 2
T 1Shrr (R +4b%)3  15br T 1sprt(r 4 4B 15br

(39
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Fig. 3. The simple cubic distribution of spheroidal inclusions.

B
A

For « # f3, a similar derivation is carried out. From (36), (¥, (x+x")V4(x")>, can be
written as

VL x+X)p(x))y =
ﬁ[cos1 <L>—r 1—(L>2}(1—M> |x; —X.3] <2bandr < 2a
T 2a) 2a 2a 2b (40)
]0 |xy —X,3| = 2b and(or) ¥ = 2a
where

r= [(xl_xal)z‘l‘(xz_xaz)zll‘/z 41
and (x,;, X,2., X,3) is the coordinate of the geometrical center of the ath-inclusion. Letting
X, =X, +rcosl, x,=x,+rsinl, x;=x,+z, (42)

by substituting (40)—(42) into (13) we have

F _2 2ﬂd@ 2ardr . Ko(x)| cos ' [ |— = [1— ry 1—E dz.  (43)
7wl e 2a) 2a 2a 2b

Really, integrations with respect to variable z can analytically be solved, but due to the
complexity of formulae, we do not give their expressions.

Since F,; can be numerically calculated, the effective elastic moduli of composite
materials with aligned ellipsoidal and cylindrical inclusions can be determined in terms of
eqn (19) when the distribution of inclusions is known. In Section 4, we will analyze the
effect of the shape, size and distribution of inclusions on the overall response of composite
materials with periodic microstructures.

4. ANALYSES AND DISCUSSIONS

4.1. Preliminaries
In this paper, four different distributions of spheroidal, ellipsoidal and cylindrical
inclusions are considered in Figs 3-6. As shown in Fig. 3, the effective elastic properties of
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Fig. 4. The periodic microstructure of ellipsoidal inclusions: distribution L.

composite materials can be described by the effective Young’s modulus £* and shear
modulus G*. For ellipsoidal and cylindrical inclusions shown in Figs 4-6, composite
materials, as a whole, are transversely isotropic. The five independent effective elastic
moduli associated with such a composite are the effective longitudinal Young’s modulus
E¥%, longitudinal shear modulus G¥;, G¥%,, transverse Young's modulus E¥, transverse shear
modulus G¥, and transverse bulk modulus x*.

From eqn (19), it can be found that the effective elastic moduli of composite materials
are related to the tensors A, and Fy; and the summation term

Y. Fuy

x=lus#p

For this purpose, we here show the details of solving these tensors indicated above. For the

2Db

o |-

| 2D.

Fig. 5. The periodic microstructure of ellipsoidal inclusions: distribution IL.
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e

Da

Fig. 6. The periodic distribution of cylindrical inclusions.

simple cubic distribution of spheroidal inclusions as shown in Fig. 3, the tensors A, and Fy,
are given by Appendix A and eqns (26) and (28), respectively, and F,;(x # f) is determined
by (34). In addition, in calculating

Z Fzﬁ;

a=1,0#%f

the effect of all the inclusions satisfying R,; < 10D on the fth-inclusion is taken into
account. Here, R,; is the distance between the geometrical center of the ath-inclusion and
that of the fith-inclusion. (Note that the geometrical center of the fSth-inclusion is really the
origin of the coordinate system.) For the convergence of numerical results, it can be found
from the calculation that when R,; < 4D, numerical results have already converged.

For ellipsoidal and cylindrical inclusions shown in Figs 4-6, A, is given by Appendix
B. However, the determination of the tensor Fg; and summation term

Z Faﬁa

a=1x#f

is different for the different shape and distribution of inclusions. For the case corresponding
to Figs 4 and 5, Fg is expressed by (26) and (27) for oblate spheroidal inclusions, or (26)
and (29) for prolate spheroidal ones. However, for the cylindrical inclusions shown in Fig.
6, Fys can be obtained in terms of (38) and (39). In Section 3, the calculations of F 4(x # f)
for ellipsoidal and cylindrical inclusions have already been given. They correspond to (34)
for ellipsoidal inclusions and (43) for cylindrical ones, respectively. It should be shown that
in calculating the summation term

Z Fzﬁa

a=1x#f

the effect of all the inclusions that satisfy the relations Z,; < mD, and R,; < mD; on the
Pth-inclusion is considered. Here, Z,; and R, are the longitudinal and radial distances of
the geometrical center of the ath-inclusion relative to one of the Sth-inclusion, respectively.
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Fig. 7. The variation of E}/E, with the inclusion volume fraction ¥, and aspect ratio b/a for
ellipsoidal (solid) and cylindrical (dash) inclusions.

For Figs 4, 5 and 6, m is chosen as 15, 20 and 15 in the present calculation, respectively.
Really, when m equals 9 and 12, respectively, the numerical results corresponding to Figs
4 and 5 have already converged. Yet for cylindrical inclusions, the convergence of numerical
calculations is relatively poor.

To pave the way in the subsequent analysis, it is necessary to give the elastic constants
of each component and the definition of the microstructural parameter e,. In this paper,
the material properties of each component used in the calculation are chosen as E4/E,, = 25,
v, = 0.23 and v,, = 0.39 for spheroidal inclusions and E/E,, = 20, v,= 0.3 and v,, = 0.4 for
ellipsoidal and cylindrical inclusions to compare with some conventional methods and
experimental results given by Smith (1975). Here, the subscripts /" and m are for the
inclusions and matrix, respectively. The microstructural parameter e,in Fig. 4 is defined as

&= D,—2a

(44)

where q and b are the principal half axes of the ellipsoid and D, and D, are the micro-
structural parameters.

4.2. Numerical results

Below, we will show the effects of the shape, size and distribution of inclusions on the
effective elastic moduli of composite materials. Due to the limitation of space, we will only
discuss the variations of the effective longitudinal and transverse Young’s moduli with the
inclusion volume fraction and aspect ratio.

Figure 7 illustrates the variation of the effective transverse Young’s modulus E¥
(normalized by the matrix Young's modulus E,) with the inclusion volume fraction V,and
the inclusion aspect ratio denoted by b/a. According to this figure, we can find that the
shape of inclusions has the significant effect on E¥/E,,. However, E¥/E,, is not sensitive to
the change of the inclusion aspect ratio. This agrees with Halpin and Tsai’s report (1967)
on the subject.
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Fig. 8. The variation of E}/E,, with the V; and b/a for ellipsoidal (solid) and cylindrical (dash)
inclusions.

Figure 8 shows the variation of E¥/E,, with V;and b/a. When b/a = 10, the effective
longitudinal Young’s modulus EF%/E,, of composite materials with cylindrical inclusions is
far larger than the corresponding value of composite materials with ellipsoidal inclusions.
However, when bja =5, the difference between E3/E, corresponding to cylindrical
inclusions and that corresponding to ellipsoidal inclusions becomes small. From the above
analysis, we can see that the shape of inclusions has a pronounced effect on the effective
modulus E%/E,, when the inclusion aspect ration b/a is larger. It should be shown that the
distribution of ellipsoidal inclusions is chosen as the form of Fig. 4 to compare the effect
of ellipsoidal and cylindrical inclusions on the effective elastic moduli.

Subsequently, we discuss the effects of the distribution of inclusions and the micro-
structural parameter e, on the effective properties of composite materials. To perform the
detailed analyses and comparisons, we confine our attention only to the case of ellipsoidal
inclusions. As shown in Fig. 9, the effective transverse Young’s modulus E¥/E,, is more
sensitive to the changes of the inclusion aspect ratio and the distribution of inclusions
compared with Fig. 7. This shows that E}/E,, increases when b/a decreases. In addition, it
should be noted that the changing curve of E¥/E,, for the distribution of Fig. 4 is far higher
than that for the distribution of Fig. 5.

Figure 10 gives the results of the present theory and Halpin-Tsai’s equation (1967) for
b/a = 0.5 and 2. Following this figure, we can find that the discrepancy between the present
results corresponding to the distribution of Fig. 4 and Halpin-Tsai’s equation is very small
when bfa =2, but when b/a = 0.5 their difference is more pronounced. In addition, it
should be noted that the distribution of inclusions has the more pronounced effect on E%/
E,, when b/a is smaller.

Except for the different distributions of ellipsoidal inclusions, Figs 11 and 12 illustrate
the variations of the effective transverse Young’s modulus E¥/E,, and longitudinal Young’s
modulus E3/E,, with ¥, for the microstructural parameter e, = 0.5, 2, 5 and 10. It is interesting
that the relatively large discrepancy between E*/E,, corresponding to the different micro-
structural parameters e, is at intermediate values of the inclusion volume fraction V.
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Fig. 10. The variation of E%/E,, with the ¥,and b/a for distribution I (solid), distribution (I} (dash)
and Halpin-Tsai’s equation (dotted-dash).
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Fig. 13. The variation of E*/E, with ¥, for spheroidal inclusions.

In order to show the effectiveness of the present theory, Fig. 13 gives the results of the
present theory, Hashin and Shtrikman’s bounds, the self-consistent method, the differential
scheme, the generalized self-consistent method, Mori-Tanaka’s method that is the same as
Hashin and Shtrikman’s lower bound, and the experimental data given by Smith (1975).
By comparing with experimental data, we can find that the present theory is effective,
particularly when the inclusion volume fraction is larger.

5. CONCLUSIONS

In this paper, the effective elastic moduli of composite materials with aligned ellipsoidal
and cylindrical inclusions are derived, respectively. From the expressions obtained, it can
be found that the overall properties of composite materials are related to the microgeometry
of composite materials, e.g., the shape, size and distribution of inclusions. Particularly, the
effect of the distribution of inclusions on the effective properties can effectively be analyzed
and investigated by the present method. This case cannot be considered in some con-
ventional theories, e.g., the self-consistent method, the differential scheme, the Mori-Tanaka
method and the generalized self-consistent method. In addition, the finite cylindrical
inclusion is studied by the present work. According to the authors’ knowledge, this problem
is not dealt with by the methods mentioned above. However, it should be pointed out that
the present work has some limitation because the determination of the effective elastic
moduli for composite materials is limited to the case that the distribution of inclusions is
periodic.

Following the expressions given in Sections 2 and 3, we calculate the effective elastic
moduli of composite materials with spheroidal, ellipsoidal and cylindrical inclusions having
periodic distributions, respectively. By comparisons with Halpin-Tsai’s equation and analy-
ses, we find that the shape, size and distribution of inclusions have the significant effects on
some effective elastic moduli. In comparison with the factors mentioned above, we note
that the effect of the change of the microstructural parameter e, on the effective properties
is less. To verify the effectiveness of the present theory, comparisons with some conventional
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methods and experimental results are made. From the comparison of results, it can be
found that the present theory is more effective since it considers the microgeometry of
composite materials with inclusions in detail.
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APPENDIX A

Since the volume ¥ in (8) is regarded as the infinite region, the tensor A, according to Wu and McCullough
(1977) and Wu (1992) can be expressed in the following form when the shape of V' is spheroidal and cuboidal

8 2
3o +8uy ) 5,0, (AD)
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APPENDIX B

As shown in Fig. 2, when V is an infinite cylinder, the integral in (8) can be written as
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where 1 = b/a is called the inclusion aspect ratio.



